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The motion of a shallow sea under influence of
a non-stationary wind-field

H.A. Lauwerier

§1. Introduction.

_This report is a contribution to the theory of the windeffect in
the North Sea. We Pebresent the North Sea by a rectangular basin of
constant depth which borders to an ocean. The mathematical treatment 1s

based upon the equations of motion for the total stream as given by
Schalkwi jk 2) viz.,.
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o which we may add the equation of continuity
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Ty Y+ = 0. 1.2
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At the boundary between the sea and the ocean, the depth of which
1s very large we assume the condlition

C.= 0 , 1.3

whereas at the coast we have the condition that the component of the
stream normal to the coast vanlishes.

Tt has been found useful to consider not only the rectangular
mocel but also simpler models such as an infinite strip or even a hali-
plane. These simpler models allow a mathematical treatment which 1s
relatively simple and they may show phenomena of Interest which also
occur in the mdfe complex model of The North Sea.

This report consists essentially of three parts.

In the first part it is shown that the Laplace transform of .
satisfies a non-homogeneous Helmholtz equation with skew boundary con-
ditions., Various applications of Green's theorem are discussed. The
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1) Research carried out under direction of Prof.Dr D, van Dantzig.

2) Schalkwijk, A contribution to the study of storm surges on the Dutch
coagst, 1947,
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corresponding function of Green for a rectangle cannot be obtained by
the usuval analytic methods but if we solve a somewhat simpler problem
of Green the solution of 1.1, 1.2, 1.3 can be reduced to a twodimens-
ional nonsingular integral equation. This simpler problem of Green
which corresponds to a stationary differential equation with non-
statlonary boundary conditions has been solved in the second part., In
the case of a halfplane and a strip the exact problem of Green can be
solved and the solution is discussed at length also in the first part.

In the third part the windeffect of a non-stationary but homo-
geneous wind upon a rotating halfplane sea 1s considered. Several
numerical cases are studies in detail. The numerical constants corres-
pond to those of the North Sea.
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§2. The fundamental equations.

We conslder a sea, the boundary of which consists of a coast C,‘
and an ocean CQ. The arc coordinate of the boundary is indicated by s
sO that for increasing values of 8 the sea is on the left-hand side.
The angle between the tangent and the x-axis is represented by = which

1s a function of s, Differentiation along the boundary is indicated by

%-é- and differentiation along the normal pointing outwards by 2

dn °
The fundamental equations of an arbitrary shallow-sea of variable
depth h are

(b +N) W, - QQw._ o+ ‘h)d‘---«--w-x
ot X y = X ©
W
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d X 3y PR ’
with the boundary conditions
at C,l W sin T - wy cosT = 0 ,
2,2
at C, C,= 0 .
Application of the lL.aplace transiorm
2.3
2.4
with the boundary conditions
at C, W& sin T - ﬁ& cosT = 0 2.5
at C, . =0 . 2.6

MRy Mymiialiigin

If we solve W and wy from the two eqguations 2.3 we f{ind
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Substitution into 2.4 gives a partial differential equation for G only

A2+A*§+B%‘$“k2zm?, 2.8

where
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T™he boundary conditions become with respect to

de& > 4 _
at  Cp C =0 . 2,12

In formula 2.11 Wn and WS represent the normal and the tangential

component of the windvector

— inT - W_ cos T
Wn Wx sin = g OS s

W T + W 8inT
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In this report we consider only the casgse of a sea with a constant
depth., The differential equation 2.8 of becomes gsimpler since A=B=0

L sl

AS - k°d = F . 2 .13
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and I, and the boundary condltions remaln the same

For the rectangular model of the North Sea we consider the recta

The meaning of k

€ g Den Helder. The leak of the Channel and of
ttegat which 18 less important are neglected in this model.
The corresponding boundary ccditions with respect to & are

2 24
y = 0 (p+3\%?§ - flﬂggzm

PN -

y = b &= 0 2.16
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§§, Green's theorenm.

Consider a closed and simply connected region R with boundary C
and two functions 5(x,y,fi,«z,p), H({x,y,p) with the following proper-
tles
a G has a logarithmic singularity at (éi,v?) of the following kind

Ger - m= 1Inr + o(1) , 3,1

where

r dgf & (X_..&)g + (y”n)z)g %3

and has everywhere else in R continuous first and second derivatives.
b H has continuous first and second derivatives in R.

Green's theorem states that
H (a‘:"?): jRJ {'G'(x,y,ﬁ_, '7) A\ E(X,y) =~ E(X,Y)&-g(xsy:aﬂ?)g ax dy -
(=~ OH 0T 3.2
_ q§§iﬁtjgﬁn - ﬁﬁfﬁﬁwg ds,
C
We take H = ¢, satisfying 2.13, 2.11 along the coast 01 and 2,12 along
the ocean 02. Then the first part of the last term in the right-hand
side of 3.2 becomes

[ Y ( _ D& O NA
&G%}E‘dsﬁm S Gﬁds %JG%@S R
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T 7= 1§HE? {Wﬁ t S Wg % . 3.3
The second term can be integrated by parts
_ dé ~ 3@
S G55 98 = - f"ws“gds’
©4 “4

as the integrated part vanishes because of 2.12 and of the continulty
of &, . Then 3.2 passes into

E,(a,,«7,p)= - J J G (x,7,0) (A -k°)&(x,7,8,%,0) dx dy -
R

- j G(s,t,m,p) W ds +

Co 3.4
o [ E(are) | 2T(s,b0) &W}ds F T (8,9,0),
C
T

with

-A“(a)"?ﬁp) = Jf 5(3{9371£ﬁ'7‘:p) F(x,y,p)dx dy - J “G“(S;&:T?:p) T(Sjp)dsa
R C 4 3.5

for any known function G and any given windfield.
With regard to the other Term several possibilities arise,.

1, If we solve Green's problem i.e. if a solution can be obtained fr.
the differential equation

AT = K° T 3.6

which has the logarithmic singularity 3.7 in (d,q) and which satis-
fies The boundary conditions |

{ (p+h)5—ﬁ - L = =0 along C, .-

it

from 3.4 an explicit solution for ¢ is obtained viz,

E,(Z,_,q,p) = j[ “G_(X:y.ré:v:p) "F‘*(X,y,p)dx dy - S @(SJZJ'yap) EI"(rsj.p)d%
R - Ca . 3.8



However the direct solution of the Green problem becomes very
complicated and only for seas of a very special form, apart from the
trivial case of the whole plane we mention a he

quadrant, a solution could be obtained,

lf'plane, a strip and =

2. We restrict ourselves to the discussion of the rectangular case which

18 most interesting to us,

a. As 1ndicated in & report by Braakman (Febr.1954) we can easily
obtain a solution of the differential equation 2.13 having the right
Singularity at (&,n) and which satisfies the
ocean frontier without bothering about the boundary condition at the
coast. Then 3.4 gives us a singular integral equation for ZE along the

boundary conditlon at the

coastline, which can be solved by the method of H. Poincaré and devel-
oped 1in particular by the Tiflis-school q)’
This equation 1s of the following form

e -

{f

. 3.12

b. It is possible to obtain a solution of 2,13 which satisfies not
only the boundary condition at the ocean frontier but also the boundary

mmmmmwmmﬂmﬂwm

1) N. Muskhelishvili, Singular integral equations. Noordhoff 1954,
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Using a method, originally applied by Taylor to the case of the Irish
3ea, Van Dantzig and Velt!.{amp/] )?‘*:'W-':: solved the eigenvalue problem, It appear
that the periods of the proper oscillations can be determined from an
infinite defterminant. Any knowledge about the perliods of the proper
oscillations 1s extremely useful since it allows a consSlderable improve-
ment of the usefulness of the expansions of & .

§&, Plane.

The following problem will be considered
To determine a function w(x,y,£,v) which satisfiles

2 2
O W n O W — W q 4
— = , 4,
» x° oV
W - 1n r r = ’\/(x--L)2+(y--17)2 in (§,n), 4.2
w — O for x2 +- jawmoo . A 4.3
The Helmholtz equation 4.1 has the elementary solution
AX+HY
e wilth 0(24" /32::,1 9
and if f(x,y) 1s a solution also f(x+a, y+b) is a solution.
From the superposition principle it is clear that
w+3/£
-Xchv-yishv
W= & (P(v) e dv 4.4
wco-!-a/i
also satisfiles 4.1. O
From the property 4( e“t Q%_,J\ - 1nz for z— 0O ,
Z
it follows that, if for v — + e (@(v)— 1, the integral %.% behaves
as -3 In(x+yi) - 3 In(x-yi) = mln”Mx2+y2.

The solution defined by 4.4 is valid only in the halfplane

X COSJ/ -y sin$- > o

but by varying Bf the solution can be continued through the whole plane,

In the case q9(v):1 4.4 has only the singularity at the origin
and the solution thus obtained clearly satisfies the condition 4.2 in
the origin and the condition 4.3. Thus we have found the following
solution of 4.1, 4.2 and 4.3 |

. m-t-if.
W = 35 _]‘ exp~{ ~-(x-&)chv ~ (y-w)ishv { dv , 4.5
....m+a’i

1) Prof.Dr D, van Dantzig and G.W, Veltkamp, On the free oscillations of
a rotating rectangular sea. Report T.W.32 {(1955), .
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which is valid for y 2 O.
The solution 5.6 can be continued into the
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of the integral
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This function has a series of poles
v = wil +n i 5.8

30 That there 1is a free region of width 7 1in which the path of inte-
gration can be moved without passing poles. This means that the remain-
ing halfplane y<0 1.e, - m¢« B8 <00 can be covered completey with the
exXxceptlion only of one critical halfline. It is obvious that the
function I(r,H) obtained in this way 1is regular in the slit plane

G4 O . and that at the halfline 6 = @c I(r,08) is discontinuous and
makes a jump. The magnitude of the jump is determined by the correspon-

ding pole viz,.
2 T sin 2 W , 5.9

The behaviour of 5.7 is illustrated below for a real w wilith
"
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If dn 5,7 new varlables are introduced by means of

“}?m-_){“& pﬁfSinW“?COSw
5 .10
Y = ¥+ qd =X sinw + y cos w
we may wrlte
“sh
1 S V41w B S - g .
I = %) LW e}(p { m mh(V"l‘l(AJ) + m Sh(v j,,b.)) zj dV.
This in turn can be wrltten as
cO <0
— ..9....... J ! Y c y q-1 -7 ("
T =5 ) o 7; | exn (- grbg sh(v+t w) - gripg, Sh(v-iw) | av,
or —0 | . *
I = 1 } dg' . and finally
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L = RS S { (% ESlnw F Y f QCosw) dA, 0

wheredam- = mw:Twwm;“m_mwﬂw. 1.e, differentiation symmetrical to.lfwith
oPb o (Xsinw -ycosw)

respect Tto y = 0, 1s to be interpreted as a differentiation with

g = X cosw + ¥y sinw being constant.

The integral over KO can ove 1nterpreted as an assembly of contri-

butions from logarithmic singularities (- ?é%ﬁt&’ — ?E%Eﬁﬂ lylng on the

halfline of discontinuities p = X sinw - v cosw = 0,

The differentiation,§5~ ffor constant g can be interpreted by say-
ing that the logarithmic singularities are converted into dipoles the
vector of each of which is symmetrical to the direction 4 of different-
lation.

Of course any dipole may be decomposed into two components, one
along the tail and one normal to it. Then the dipoles in the direction
normal to the tall get the density sin2w , The components along the
tall destroy each other except at the end of the tail (ﬁ,mﬁ) where a
single pole of strength cos2w results.

Tt is of interest to study the behaviour of the solution 5.6 near
the dipole line somewhat more in detail.

1 we want to know what happens at a line of dipolés we may start
from the solution

Cco
W, = J KO (\/(Kﬂ'ﬁ) + y?) da: > .12

QO

which hag a uniform distrivnution of simple poles on the positive part
of Tthe x-axis.

L for Ko the following expression is substituted

oS

77 _ - }x-tlchs - yi shs
A (m/(xw&) tyT) = 3 Jﬁﬁﬁ ds

— O

and 1f the integrations are interchanged we [ind

CQ

«@ -~ylshs - Yx-¢f{chs
W o= = Jf e ds “J S at, .

- D O

The last intTegration can be carried out

o - Xxehs
- \x-tlchs [ if x <0
58 dé,m |
5 \ 2_ewxchs

i f X O
chs L > ?
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SO That
<
o 1{4 X X . —~ \chhs.k o " vishs -
o~ ° Xy X chs
— CQO
o ~-yip - - Xl chs-y1lshs
1 EE_ S _ %__ 25 e ds
T = (q+k|)‘Jr 2 ap d\X\‘f‘ chs ’
. D +1
"""‘OO -
and ffinally
- X1 chs~yishs
w o= & (142 ) ew‘yl Lz = ‘ ~ ds 5.13
o 2 X1 T2 % ~—  chs ‘ '

Obviously w_ is only singular at y=0 x> 0. The singular behaviour 1s

determined by the first term in the right-hand side of 5.13 which

becomes for x > O
- 1yt

r—-—'
TS g

therefore W and all even derivatives with respect to y are continuous

whereas all odd derivatives with respect to y are discontinuous and
make Jjumps of magnitude 27,

From 5.12 the solution with a uniform distribution of dipoles can
be derived by differentiation.

1" the dipoles on thgpositive X-axis are orientated along The x-axis
R
The solution is m,%?g- or fTrom 5.12

DW
O - -]/ 2 2 m
TSy T KO ( X+ ) L 5. 14

SO that the horizontal dipoles reduce to a single pole at the origin.

If the dipoles are orientated normal to the x-axis we have the
D W

solution ”'ayo , Thus for x> 0O
CCo
el - T = € + ths e ds 5, 1F

~— CO
SO that in this case the function and all even derivations with regspect
to y are discontinuous with jumps 27 whereas all odd derivatives witt
respect to y are continuous,

If the dipoles are orientated in an arbitrary direction @ <the solutior

O W QW
18 - S ; cos@ - 33? sin O with a pole of strength -cos & at the
origin and discontinuities at y=0 x>0 determined by %1sin63 e“ly\.

¢6. A strip.
\

To determine a function w(xjyjth) which satisfies




It is known that

KO(P) = 5 exp { -\x=- &V chv-{y-m)ishv |

T
- GO

Therefore 6.2 gives

—achnv

t-

f'rom which

+ sh{v-wil) exp

w3 € $1 | | _
ﬁﬁmmvmh{v%mwd -

[ g,
k- . ﬁ
1

and tF@ can be solved

2 shi2a

%}V), (f{}m LM(

@m(Eﬁwéﬂmhw

Pa+t)chv 6.4

i
. 1
1 T [
o ' #w :I
- T
[Ty L
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In view o the expansion
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the expression 6.5 can be interpreted as thé sum of contributions from
the singula rities obtained from (& 'v)) by repecated reflection with
respect To the boundaries x = + a.

We get simple poles at the points (i;t'Mnajﬂ7) and dipole taills
radiating from the points (Qawé:i;Mna,?z) as 1lndlcated below,.

NeXt we consider a similar problem in which a coast condition and
an ocean condition are combined.,

To determine a function w(x,y, &, v ) which satisfies

0Ly ¢ a -éig +.éi¥.m W 6.6
00X D,
vy = O iﬂlcogtu +-Bw'%ima) = 0 6.7
DX dy ’

, ' 6.8
and W <« ~Inr in (& ,v ).

We write the solution in the following form

W= B &'\/(xmi)g-{-(yhm 7 )4 ﬁ"Koiﬂ/(K 2) P (y-2atn ) T 4

J V(V) sh % (yma)chv lj sSh { (1? f,._a)chvg e*(X-—- Ej)'ishv

av,
6.9

so that the condition ©.8 already has been satisfied.

Agaln we have
A
m‘"g‘“‘—“ -1m =yl chv - (x- &)ishv
s\/ ( ) 2; f o=y ( ) dv,
- A

mmﬂmﬂmm

{*v/ x- ) +(y;gg:t:§§ﬁg _ 1 J“ em(Qaﬂyw'Q)chvm(xwéi)ishv

- A

dv .



-7 -

L

condition 6.7 gives

e T

.
F

Sinw + 18hv COS8 w e
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The series expansion of 6.10 resolves 6.0 int

)

from singularitlies obtalned by repeated refllexions, skew and norms
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$7. Rectangle.
According to the third
Tc determ
of Laplace

ine a function

%
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which has a logarithmlc sing

v - Inr o

I W
d s

3lhw - v cosw = 0 , 7.2
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Ir & (x,y,p) is known for sutficiently many values of p,which in
itself 1nvolves a conslderable amount of labour, the backward trans-
formation from p to time T should be performed., This process offers
less difflculties since 1T 1S a standard procedure in the practical
application of the Laplace tTransform where a number of approximate
methods are known,

Thus, 1n princlple, tThe problem stated at the beginning of this
report, has been solved.



